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The quasiclassical solution to the extended Toda chain hierarchy, corresponding to 
the deformation of the simplest Seiberg-Witten theory by all descendants of the dual 
topological string model, is constructed explicitly in terms of the complex curve 
and generating differential. The first derivatives of prepotent ial or quasiclassical 
tau-function over the extra times, extending the Toda chain, are expressed through 
the multiple integrals of the Seiberg-Witten one-form. We derive the corresponding 
quasiclassical Virasoro constraints, discuss the functional formulation of the problem 
and propose generalization of the extended Toda hierarchy to the nonabelian theory. 



1 Introduction 

The appearance of integrable systems in the context of the Seiberg-Witten theory is now clearly 
related to the gauge/string duality. The quasiclassical tau-functions or the infrared prepoten- 
tials, which give the exact low-energy effective actions on the gauge side, become identified 
in this framework with generating functions of the particular topological string models on the 
string side of duality. For example, the simplest possible quasiclassical tau-function of extended 
Seiberg-Witten theory explicitly coincides [H [2] with the "half-truncated" generating function 
for the Gromov-Witten classes on or the correlation functions of the topological string 
model. 

The gauge/string vocabulary looks here as follows: we compare the oversimplified but per- 
turbed in the ultraviolet, simplest possible "?7(1)" Seiberg-Witten theory (to be seen, for ex- 
ample, as naive Nc = 1 particular case of the [/(A^"c) -family) with the topological string model, 
describing quantum cohomologies of P^, to be generally identified with the base curve of the 
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asymptotically free Seiberg-Witten theory. The variable a, coupled to the unity operator 1 of 
string theory, is identified with the only condensate (0) = a on the gauge theory side, while 
the variable ti = tq = ^ + coupled to the Kahler class w of target space, is identified 
with the (complexified) coupling constant. Moreover, it turns out, that all perturbations of the 
gauge theory, encoded in the ultraviolet prepotential 

F[7y(a;;t) = t(s) = ^tfc-— Y (1.1) 

fc>0 

correspond to switching on all gravitational descendants (Bk>otk+iO'k{'^) of the Kahler class 
zu of the model, while the gravitational descendants of the unity operator remain to be 
turned off, except for the cri(l), which forms the condensate with (cri(l)) ^ 0. An essential 
point is that string coupling h in the P^ model arises as certain "equivariant parameter" of 
the background, providing the infrared regularization of the theory on the gauge theory side 
[3], in order to collect contributions from the gauge theory instantons, while the instantonic 
expansion in gauge theory is going in powers of the scale = e* ^""^ 

The exact quasiclassical solution of this theory was explicitly constructed in [2] as a solu- 
tion to dispersionless Toda hierarchy. More generally it was also proposed for the nonabelian 
extended Seiberg-Witten theory in terms of quasiclassical tau-function [1] on the deformed by 
ultraviolet perturbations Seiberg-Witten curve. 

However, from the string side of duality this gives rise only to the truncated version of the 
P^ model, and a natural step would be including the whole set of descendants ©fc>o^A;Cfc(l) 
of another primary - the unity operator. This has been done already in the P^ model itself, 
see [HI El [3, El E], where the matrix integral descriptions was first conjectured, the Virasoro 
constraints for the corresponding Gromov-Witten theory were formulated, and the generating 
functions were constructed in terms of specific correlators in the theory of free fermions. 

Below we are going to write explicitly the quasiclassical solution to this theory, directly 
generalizing that of [2] (see also [I2])- It terms of integrable hierarchies, it will raise the 
dispersionless Toda chain to the so called, following [TOl [H], extended Toda hierarchy, where 
the gravitational descendants (BkyoTkcrkil) of unity, and corresponding "logarithmic flows" [5] 
extend the set of mutually commuting flows of the Toda chain. It turns out, that introducing 
descendants of unity into the gauge theory is a very nontrivial step, presumably related to their 
role of "deformation" of the moduli space of background condensates in field theory, and we 
will find some hints of that reflected in the properties of the exact quasiclassical solution. 

The extended quasiclassical solution will be constructed in pure geometric terms, which 
immediately suggest a natural nonabelian generalization - an extremely important thing if one 
would seriously have in mind the application of this duality for the purposes of gauge theory. 
The nonabelian generalization is also proposed below, but - quite typically in the geometric 
approach - only for class of solutions, when certain finite number of gravitational descendants of 
unity is turned on. We discuss also the relation of our solution to the variational problem for a 
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certain functional (in spirit of [2l|T3]), in fact even with two equivalent functional formulations, 
whose exact relation with the Nekrasov partition function of summation over the gauge theory 
instantons remains beyond the scope of this paper. 

The paper is organized as follows: in sect. [2] we remind the construction for the quasiclas- 
sical solution to dispersionless Toda chain, corresponding to the half-truncated topological 
string model, with the descendants of unity switched off, except for a condensate (o"i(l)) 7^ 0. 
In sect. |3] we generalize this solution for the switched on descendants of unity, propose the 
formula for the first derivatives of the generating function w.r.t. new variables, and present 
explicit computations for the simplest nontrivial cases of this extension. Next, in sect. H] we 
turn first time to the nonabelian theory, and construct the solution corresponding to the per- 
turbative limit, which produces all important ingredients for the functional formulation of the 
problem: the kernel and generalized ultraviolet prepotential (11.11) for switched on descendants 
of unity. In sect. [5] we discuss the quasiclassical Virasoro constrains and functional formulations 
of the problem. Despite the form, suggested by perturbative nonabelian theory, we propose 
its equivalent formulation, obtained by an integral transformation and useful for studying the 
dependence of the functional upon new times of the extended hierarchy. Finally, in sect. [6] 
we propose the formulation of the nonabelian U{Nc) theory in terms of abelian differentials on 
hyperelliptic curve of genus g = Nc — l, and discuss the results and their possible generalizations 
in sect. [71 



2 Dispersionless Toda chain 

Let us, first, remind the main formulas for the solution from [2j for the dispersionless Toda 
chain. We will follow here more convenient normalization from |12j . 

In the case of the deformed in the ultraviolet U{1) supersymmetric gauge theory the = 1 
Seiberg-Witten curve has a single cut, and the double cover of the z-plane y"^ = {z — x^){z — x~) 
can be always presented in the form 

z = v + a(^w + -^ (2.1) 

with x^ = V ± 2A and 

y'^ = {z- vY - 4A2 (2.2) 

The solution to dispersionless Toda chain is encoded into the function S, odd under the invo- 
lution ^ on the double cover (12.11) . with the asymptotic 

dJ- 1 dJ- 

SU) -2.(l„g.-l)+t'W + 2alog.- g^-2$:^- (2.3) 

fc>0 " 

The coefficients at singular terms are identified with the variables of the hierarchy, while the 
regular part of expansion defines the first derivatives of the (logarithm of the) tau-function JF. 
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In terms of the uniformizing variable w one can globally write 

S = -2zlogw - 2A(logA- 1) (w - - ] +'^tkflk{w) + 2alog 



W 



(2.4) 



where 

^^fcH = 4-^-, k>0 (2.5) 

are the Laurent polynomials, odd under w ^ —. The first term in (12.41) comes from the 
Legendre transform of the Seiberg-Witten differential dH ~ z—. 

O a UI 

The canonical Toda chain times are extracted from (12.31) by 

to = Tesp_^_dS = —iesp_dS = 2a (2.6) 

and 

tk = T resp^z-'^dS = -\ resp z'^dS, k>0 (2.7) 
k k 

From the expansion of 5* it also immediately follows, that 

= -vesp^z'^dS = ~-Tesp_z''dS, k>0 (2.8) 
otif 2 2 

The consistency condition for (12. 8p is ensured by the symmetricity of second derivatives 

^'■^ liesp^iz'^dnn) = lrTesp^{z''dnk) (2.9) 



where 



dtA 2 2 



9S , 1 



5a 2^p± I da^ ^ dadtn nz^ 

\ n>0 



:2.10) 



dth z^p± \ dadth ^ dthdtn nz'^ 

\ n>0 

form a basis of meromorphic functions with poles at the points P±, with z{P±) = 00. All 
time-derivatives here are taken at constant z. 

Expansion (12.101) of the Hamiltonian functions (12. 5p expresses the second derivatives of 
in terms of the coefficients of the equation of the curve (12. ip . e.g. 

, , 2v 2A'^ + v^ 
fio = 21og2-21ogA + ... 

z^co Z Z^ 

2A2 2vA^ 

fii = z-v ^ + ... (2.11) 

2 , 2 , oA2^ 4vA2 2A2(A2 + 2i;2^ 



Do = z' - (v^ + 2A 



z z"^ 
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Comparison of the coefficients in (12.111) gives, in particular, 



Q2 fff pjlf 



and, therefore 



which becomes the long-wave limit of the Toda chain equations for the co-ordinate ci^ = ^ 
after an extra derivative with respect to a is taken 

dtl da da 

One can now find the dependence of the coefficients of the curve (12 .ip on the deformation 
parameters t of the microscopic theory by requiring dS = at the ramification points z = 
x± = V ± 2A, where dz = 0. This condition avoids from arising of extra singularities at the 
branch points in the variation of dS w.r.t. moduli of the curve. Equation 

a(w--]=0 (2.15) 



d log w \ w 
fixes the branch points to he a.t w = ±1, where now 



dS 



dlogw 



EdVlk 
tk 



w=±l 



+ 2a-2i;=F4AlogA = (2.16) 



If tfc = for A; > 1, solution to (12.161) immediately gives 

v = a, A2 = e*i (2.17) 

and the prepotential 

^ = iaa^ + Iresp^ {zdS) - ^ = \aH, + e*^ (2.18) 

which is a well-known expression for the generating function of the model, restricted to the 
"small phase space" of the primary operators. 

(^-function 

In the context of dispersionless and generic quasiclassical hierarchies it is useful to introduce 

^ d.S ^, , 2a 1 dJ^ 

*=dl -2'°S- + t"W + T + 2S?TTS: (2-19) 

fe>0 " 
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odd under the involution w ^ —, or globally 



$ = -21ogu; + ^Hfcfi 



fc-i (2.20) 

A:>1 



Consistency between fl2.20p and fl2.19p gives rise exactly to the equations fl2.16p . and can be 
used as another way of their derivation. This function does not have singularities except for 
the points P± with z{P±) = oo. It has a natural integral representation 

^(z) = t"{z) - j dxf"{x) \og{z - x) (2.21) 

with the integrable "density" f"{x) 

\ J dxf"{x) = 1, \ j dxxf"{x) = a (2.22) 



related to the second derivative of the extremal shape function for random partitions [13]. One 
can easily see, that 

2if"{z) = A$'(2) = <^\z + iO) - $'(z - lO) (2.23) 
while for the function fl2.2ip itself one gets 

A^z) = ^{z + iO) - <l>(^ - iO) = -2i J dxf"{x) arg(z - x) = 2if{z) (2.24) 

The function $, together with z (or generally one should better refer to their differentials d<^ 
and dz [4]), is a basic ingredient for the quasiclassical hierarchy, and will be exploited below, 
when discussing the Virasoro constrants. 



3 Extended quasiclassical Toda hierarchy 

Formula (12.41) can be naturally generalized to the higher logarithmic flows 

^ = '^tk^k{w) + 2alog«; - 2^TnHn{z,w) (-3 2) 

A;>0 n>0 

SO that (12. 4p is a particular case of (13. ip . corresponding to T„ = 6n,i- The extra Hamiltonians 

k 

Hk{z,w) = z'^logw + Y.C^^^^jH (3-2) 
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are odd under involution w ^ ^ and fixed by the asymptotic 

Hk{z,w) = ±Hi+\z) + 0{ 

2;— »oo 

Hi-^\z) = z\\ogz-c,) 



(3.3) 



where the Harmonic numbers 

k 



Cfc = y]-, k>0 (3.4) 

i=l 

(one can also set Cq = 0) ensure "scaling property" of the singular parts 

dHi:^^ = kHit\dz (3.5) 

From (13.31) one immediately gets, that 

= logA-c, = i/i+)(A)A-'= 



'j 

... . ■y'^ 



cy = ujk^j, j = i,...,k-i 

zi^ 



(3.6) 



A:>0 

In particular, Hq = log to, and 



Hi{z,w) = zlogu; + A(logA -1) iw - —) (3.7) 



w 



is the Eguchi-Yang term (see |5]), remaining in the expansion ( 12. 3p for Tn = 6n,i, which corre- 
sponds to nonvanishing condensate (cri(l)) 7^ 0. One can also write for (13.11) 



w 



(3.8) 

fc>0 



S = -2T{z) log w + 2a\ogw + Y^ ikVtk ( 
with 

nz) = Y,Tnz'' 

_ (3.9) 
tk = tk- 2rfc(logA - Ck) - 2 2_^uJiTk+i, k>0 

l>0 

which can be interpreted as a reparameterization z T{z) with certain compensating trans- 
formation of the function (12.41) . The function T{z), and therefore the times {Tn} can be defined 
through the jumps of the function (13. ip . (13. 8p 

T(z) = —AS (3.10) 
Air 
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or, in a different way, via the residues of derivatives 

T„ = --i-resp^dS^") = Tr^resp dS^''\ n>0 (3.11) 
2n\ 2n\ 

with = £|. 

Now let us propose the dual to (13.111) formula, which defines the corresponding derivatives 
of the prepotential 

=(-)"n!(5„)o (3.12) 

t 



dTr, 

where 



^ = S, n>0 (3.13) 

or Sn is the n-th primitive of (13.11) . odd under the involution w ^ of (12. ip . This is a 
new ingredient in the formulation of quasiclassical hierarchy, going beyond the original setup 
of This formula is directly related to the gravitational dressing of the primary operators 
in the (here dual, with the superpotential z = v + A[w + ^) on the ly-cylinder) Landau- 
Ginzburg theory, suggested in [ll]. We propose now, that (I3.12p . (13.130 is a strict definition 
of dependence of the quasiclassical tau-function upon the times if extended hierarchy, which is 
trusted by symmetricity of the corresponding second derivatives of (13.140 and (13.120 . following 
from the Riemann bilinear identities on the cut ly-cylinder (12. ip . see Appendix. The definitions 
of the prepotential, as a function of Toda chain times t remains intact, i.e. 

C\ -r" -| -1 

-JL = -resp^z'^dS = — resp z'^dS, k>0 (3.14) 

where the derivatives are now taken at fixed T. 
Instead of (12.30 one can now write for (13. ip 

^(^) .Too -2E^'^^'^(l°g^-^^)+t'(^) + 2«log.-^-25^— — (3.15) 

n>0 fc>0 ^ 

It means, that in addition to (I2.1O0 one gets for the logarithmic Hamiltonians 

rr / N 1 9S{Z) , , 1 a^JT 1 Q2jr 

^^^^^'"^ = -2^ =00 ' ^l°S^-^") + 2a^ + ^^57^ (3.16) 

fe>0 

Note also, that the constant term in the r.h.s. of fl3.12p essentially depend on the negative 
powers of expansions of ^2^, therefore is expressed in terms of g^^^ , and this can be 
rewritten as a sort of quasiclassical mixed Hirota-Virasoro type constraints. For example, one 
gets in this way 

dSi = S(z)dz = S"tkZ^dz + 2a\ogzdz - 2^" TnHl+\z)dz - —dz - 2- + . . . 



da dti Z 

k>0 n>o 



(3.17) 
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I.e. 

" XI + 2aHi{z,w) - 2^—^Hn+i{z,w) - —ni{w) - 2— logw 

fc>0 n>o ^ 

(3.18) 

and therefore 

^ ^ k + l dadtk+i ^ ^dadTi + 1 daOTn+i ^ da Oadh ^ dh Oa^ ^^'^^^ 

k>0 '^^'^ ^ n>o ^ ^ 

Upon fl3.12p this can be rewritten as 



d dJ^ dJ^dr 



da \"dT, ' da 9t7 " 1^ fcTT + ^'^STW J j ^ ° ^^'^^^ 

The quasi classical Virasoro constraints in their canonical form will be discussed below in sect. 13 



Small phase space 

Let now only ti, a and Ti 7^ 1 be nonvanishing. Then 

S = tiQi + 2a log w - 2TiHi = 
= tiz- 2Tiz(log 2 - 1) + 2a log z + {2Tiv log k-tiv- 2a log A) - 

(3.21) 

- (2TiA2 - Tiv^ - ATiA^ log A + 2TiA2 + 2at;) \ + 
which means that 

Si = ^-^n^iw) - TiH2{z,w) + 2aHi{z,w) + {2T,v\ogA- t.v - 2a log A) n,{w)- 
- (2TiA2 - Tiv^ - ATiA^ log A + 2TiA2 + 2at;) log w 

and therefore 

= ^hv^ - tiA^ - 2TiA2 - 2Tit;2logA + 4TiA2logA + 2at;logA- 
-4TiA2 (logA)^ + 2tiA2logA 



Equations 



dS 



dlos w 



= now give 

w=±l 



v = -, A' = exp^ (3.24) 
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which upon substitution into (13.231) . and using (13.121) gives rise to 

^(ti,a,TO = ^ + r^xp^ (3.25) 

found originally in [6]. One can conclude therefore, that switching on the first time Ti results 
in simultaneous rescaling of all the times ti ^ a ^ etc, together with the string coupling 

h ^ 1^, since (13.251) can be rewritten as 

' Hh, a,T,) = U^X^ + exp'^ = :F(^,^;T, = l] (3.26) 



with the r.h.s. defined in (12.181) . 

It is interesting to point out that at Ti — oo, (13.251) gives 

= . . . + ((ti + af + (ti - af) + ... = ... F(ti + a, Ti) + F(ti - a, Ti) + 

Oil 

modulo quadratic terms and O (T^"^) , where 



is the prepotential of pure two-dimensional topological gravity. 



(3.27) 



F(x,Ti) = — (3.28) 
6Ti 



T2 now switched on 

Equations (I2.16P for the switched on T2 (in addition to the small phase space) give rise to 

t, = {2T, + 4T2v)\ogA 
a = Tiv + T2{v^ -2A'^ + AA'^\ogA) ^ ' ' 

which already cannot be solved analytically for v and A, though the solutions can be easily 
found as series in T2, with the first few terms 

v = — -^[a^ + 2tiTie^i - 2T^e^i j + -j;^ [a^ + 2tle^i + 2tiTie^i - 2T^e^i j + . . . 

log A = |r - ^ + ^ (3a^ + 2UT,e^ - 2T^e^) +... 

^ ^ (3.30) 
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and formulas f l3.14p . (13.121) lead to the following expression for the prepotential 



(3.31) 



2Ti ^ \ 3Tf Ti 

'aHi 2aHl iL 2aHi ±l t? Hii 3ti I^l 5 Hi 

which certainly satisfies, up to quadratic order in T2, the long- wave limit of the Toda chain 
equation (12.131) . One can also easily check, that formula (13.311) up to the shift Ti — > l — 5Ti from 
the condensate of (cri(l)) and certain rescaling (say, T2 ~^) coincides with the expansion, 
obtained in the Appendix of the second paper of [10]. When deriving (13.311) we have used, in 
particular, n = 1,2 cases of (I3.12p . expressing as in (I3.23P the constant parts of the first two 
primitives of S (together with the constant part of the 5* itself) in terms of the coefficients of 
the curve (12. ip 

(5)o = 2Tiv log A - 4r2A2 + 2T2v'^ log A + 4r2A2 log A - vh - 2a log A 
(5i)o = 4T2vA'^ log A - 4riA2(log A)2 + 4TiA2 log A - 2T2V^ log A - 2Tiv^ log A+ 
+ kiv^ - 2K^Ti + 2av log A - 8t;A2r2(log A)^ + 2tiA^ log A - tiA^ 



(^2)0 = r2t;^logA - 2aA2logA - av^logA + 2aA^ + UK^v - -tiv^+ 

6 

+Tiv^ log A + ^TaA^ - 2TivK^ log A - AT2v'^K^ log A - 6T2A^ log A+ 
+4r2A^(logA)2 + ST2v'^K^{\ogKf + 4Tif A2(log A)^ - 2tivA2logA 
It is also instructive to write explicitly in this case 

dS 

^h,a,T,,T2) = — = -2T,logw-AT2H^{z,w) = 

az 

= -2Ti\ogw - 4X2 (2log«; + A(logA- 1) Iw 



(3.32) 



(3.33) 



and 

^ .^1 2Ti + 2r2t; + 2T2logA(^-'y) 

az A w — — 



w 



where the coefficients of the curve (12. ip A = A(ti, a, Ti, r2) and v = v{ti, a,Ti,T2) are con- 
strained by (I3.29p . We see, in particular, that the Vershik-Kerov "arcsin law" [ihi, correspond- 
ing to the first term in the r.h.s. of (13.330 is now not only perturbed by the semicircle Wigner 
distribution, (like for the ai{zu) or ^2 switched on, see [21 [l2]), but is also "modulated" by 
multiplication by a linear function. Moreover, one can find, that 

<^"{h,a,T,,T2) = ^ = 
^ 1 ^ Ti + 2r2t> + 4T2AlogA ^ ri + 2r2t;-4r2AlogA \ (^.35) 

~ ^{z-vy -AA^ V ^ Z-V-2A Z-V + 2A 
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For the nonabelian generalization it is also rather useful to rewrite (13.341) in the form 

dz 

d<l>(ti,a,Ti,T2) = -AT2\ogwdz - AT2logAdy - 2{Ti + 2T2V)— (3.36) 

y 

with y defined in (12.21) . 

T2,T3 switched on 

Now, instead of (13.331) . one gets 

<l>(ti, a, Ti, T2, T3) = ^ = -2ri \ogw - mHiiz, w) - QT^H^iz, w) (3.37) 

provided by 

h = (2Ti + AT2V + QT^v^) log A + 12T3A2(log A - 1) 
a = Tiv + T2 (v^ - 2A2 + 4A2 log A) + T3 {v^ - Qvk^ + I2vl<^ log A) 



(3.38) 



One can easily notice, that in the limit suppressing instantons, i.e. suppressing powers of A 
and keeping only the logarithmic terms log A, equations (13.291) . (I3.38P acquire the form 



ti = 2T\v) logA + C>(A2 
a = T{v) + 0(A2) 



(3.39) 



reflecting the sense of higher descendants of unity as reparameterization z T{z). 

4 Nonabelian theory: perturbative limit 

Let us now turn to the problem, how to construct the abelian integral with asymptotic ( 13.15P 
on generic hyperelliptic curve 

y^ = Y[{z~Xj) (4.1) 

i=i 

of the extended nonabelian Seiberg-Witten theory. On the small phase space, i.e. when only 
the ti is nonvanishing, or the descendants of the Kahler class are switched off, the curve (14.11) 
can be also written as 

A''^lw + -j=P^M = l[{z-v,) (4.2) 

^ ^ i=l 

with (14. ip turning into 

y^ = P^,(^)2-4A2^^ (4.3) 
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The perturbative limit corresponds to A ^ in the above formulas, when the hyperelliptic 
curve splits into two disjoint sheets of 2;-plane with punctures, which can be described by 

i=l 

i.e. a rational function on the z-plane with N^. punctures. In this section we discuss the 
perturbative limit of the nonabelian theory, defined entirely in terms of the rational curve 
(14.41) . and turn to generic situation of (14. ip below in sect. [61 



Only T2 switched on 

A perturbative anzatz for 



T'ivi 



$' = -25^ 2T,log(.-.,) + -f^) (4.5) 
i=i ^ ^ 



with 

T'{v,) = Ti + 2T2Vj, j = l,...,N, (4.6) 
can be easily conjectured, having e.g. formula ( 13.36^ . The coefficients of (14. 5p are fixed by 



res,=oorf$' = ■ N, 
TeSz=ood^ = -TeSz=ood^' = -2Ti ■ Nc 

The modified Seiberg-Witten periods are now given by the formulas 

... z" 



(4.7) 



a,- = i> — d^' = lesz-v — d^' = 

' 2m Ja, 2 '-"^ 2 (4.8) 

= T{v^) = T,Vj + T2vl j = l,...,iV, 
Integrating (14.51) one gets explicitly 

Nc 

$ = -2 ^ {2T2iz - v,){\og{z - V,) - 1) + T'ivj) log(z - v,)) + t, (4.9) 
i=i 

One easily finds, that the derivatives of generating differential 

d ^ , I ^ dz , , 
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appear to be the "canonical holomorphic" differentials with the first order poles aX z = vj on 
rational degeneration of the curve (I4.2p . Moreover, one can find, that 



-2dHr, 



d 



dz 



d 



dz-Yv-^ 



(4.11) 



giving rise to 



dHx = dz ( lo. 



,Z - Vj) + 



Z — V, 



(4.12) 

dH2 = rfz V 2z(\og(z - - 1) + 2v. + — ^ 

where the last terms in the r.h.s. (linear combinations of the "holomorphic" differentials on 
degenerate rational curve) kill the residue at infinity. 

Integrating (14. 9 P further, one finds 
S = hz-2j^ (t2{z - Vjf (\og{z - Vj) - I) + T\v,){z - v,){\og{z - v,) - 1) 



ti^ - 2 ^ (t2H^-^\z - Vj) + T'{vj)H^^\z - Vj] 



which defines the perturbative prepotential by 

- S{vi) = Uv, - 2 J2 {r2Hl^\v, - V,) + T\vj)H^^\v, - v, 



a,- 



pert 



(9a,: 



(4.13) 
(4.14) 



Formula fl4.14p can be integrated, since for i ^ k one gets 

dS{v,) 



dvk 



-2T'{vk) \og{vi - Vk) 



(4.15) 



and this gives rise to the perturbative prepotential 



:^pert(ai, . . . , oatj Ti, T2) = ^ Fuv{vj) + ^ F{vi, vj] Ti, T2) 



(4.16) 



where one have substitute for Vi a solution to T{vi) = ai with the asymptotic ~ |^ + . . ., 
when expanding over the higher times T„. The bare ultraviolet prepotential 



Fuviv) = -ti { T^v^ + -T2V^ ^ 21,21 



+ 



2Ti 3Tf 2Tf 



+ 



(4.17) 
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(4.19) 



coincides, of course, with the perturbative part of the U{1) prepotential (13.311) or partition func- 
tion of the modeL The "interacting part" in (I4.19P F{vi, Vj; Ti, T2) satisfies the integrabihty 
condition 

provided by = T(fj), i = l,...,Nc. If only Ti,T2 7^ 0, the direct integration gives an 
expression 

F{VI,V2; Ti, T2) = - V2)\n + T2{Vi + V2)f \og{Vi - V2) + 

+ \{Vi - V2f (^3(Ti + T2{Vi + V2)f + \t2{Vi - V2)^ 

= -\ (Tiv,) - T{v2)f \og{v, -V2) + l {T{v^) - T{v2)f + f (^1 - V2r = 

= ~ (fli - 0.2^ log(vi - V2) + ^ (ai - 02)^ ^2)^ 

Expanding over T2 we see that gravitational descendants of unity give rise to the polynomial 
corrections to the coupling constants 

T., = - log{v. - V,) = log - ^(a. + a,) + 0(r|) (4.20) 

which remind arising in the context of five- dimensional supersymmetric gauge theories. More- 
over, for the particular values T„ = ^^-^ — , we get formally the perturbative limit of the (com- 
pactified) five-dimensional Seiberg-Witten theory [16], with the infrared couplings 

log(i;. - V,) = log (e'^' - e«0 = + log (2 sinh (4.21) 

and studied recently in the context of its relation to summing over random partitions in [T7] . 



Perturbative theory with N descendants of unity switched on 

For first descendants of unity switched on (with arbitrary A^), it is convenient to introduce 
auxiliary functions 

tt^" (4-22) 
^'^Ib^^^ (A: - 1)! '^-1'-^ -x) + T [x) \og{z - x) 
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with T^''\x) being fc-th derivatives of the polynomial T{x) = X]!^=i ^n^"- define 
generally 



S{z) = S{z; Vi,...,VnJ = -2^a{z;Vj) +t'iz) 



^z) = ^z; vu...,vnJ = '^(^' ^i) + ^"(^) = ^ 



dz 



and express the derivatives of the perturbative prepotential as 



where the integrability condition fl4.18p is now ensured by 



k>0 k>0 



(4.23) 



dJ- 

= S{vi) =t'{v,) -2'^a{vi;vj) (4 24) 



(4.25) 



We therefore justify formula (I4.19p for arbitrary A^, i.e. 

J^pert(ai, . . . , oatj t, T) = ^ i^i/y(aj; t, T) + ^ F(ai, a^; T) 

/.D(a) /.a (4.26) 

Ft;v(a;t,T) = Ft;v(t;(a);t,T)= / t'(v)rfT(v) = / t'(v(a))rfa 

JO Jo 

F(ai, a^-; T) = log(wi(ai, T) - Vj{aj, T)) 



with v{a) = v{a,T) = T ^(a), being a solution with asymptotic v = 7^ + . . . for small higher 
times. 

Before considering the nonperturbative formulation on smooth curve (14.11) it is instructive to 
discuss the relation of already obtained in A^^ = 1 case formulas with the functional formulation. 
As in the half-truncated theory [21 [I2j we postulate, that the linear and bilinear parts of the 
functional are directly determined by the perturbative prepotential (I4.26p . In its turn, the 
functional formulation would become a good "reference point" for the construction in terms of 
abelian differentials on smooth hyperelliptic curve (14. ip . 
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5 Functional methods and Virasoro constraints 



Let us now turn to the functional formulation of the proposed above analytic formulas. To 
remind, we start first with the case, when all gravitational descendants of unity are switched 
off, except for the condensate of ((7i(l)) 7^ 0. 



Switched off Tn, n > 1 

The curve (12.11) endowed with the function (12. 4p arises [2] in the extremum problem for the 
functional 

^ = ^ /" dxf'{x)t{x) - \ I dXidX2f"{xi)f"{x2)F{x, - X2) (5.1) 

J ^ Jxi>X2 

extremized w.r.t. second derivative of the profile function f"{x) = constrained by 

l = i| dxf"{x)=y'{x)\2 (5.2) 

together with 



To = -a = -i j dx xf"{x) = \ {f{x) - xf{x))\l'^_ (5.3) 
and where the kernel is 

F{x)=^-Ht\x) = ^(^\ogx-^^ (5.4) 

while the source t{x) is defined by ultraviolet prepotential in (II. ip . 

Constraints (15. 2p . (15. 3p can be taken into account by adding them to the functional (15.10 
with the Lagrange multipliers 

^ ^ ^ + (^a - i j dx xfix)^ + ^ (1 - I j dx /"(x)^ (5.5) 

so that the variational equation for (15.50 reads 

t(x) - J dxf"{x)F{x -x) = a^x + a (5.6) 

One also gets from (15. ip 

' dxf"{x)x^+\ k>0 (5.7) 



dtk 2{k+l) 
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and, due to fl5.5p 

a 



da 

The second Lagrange multiplier in (15. 5p 

^ = - (^i)o = ^ (5-9) 

is given by the derivative of prepotential w.r.t. the first flow of the extended hierarchy. We re- 
mind that the derivatives over the Lagrange multipliers can be taken directly, at constant f"{x), 
since all other contributions to these derivatives are proportional to the extremum equation, 
and therefore vanish on its solutions. 

Integrating (15. 6p . one gets the double- integral representation 

^ =\ I dxidx2f"{xi)f"{x2)F{xi-X2) + aa^ + a (5.10) 

^ Jxi>X2 

which, together with (15. ip . gives 

where the last equality follows from (15. 7p . (15. 8p . Comparing it with representation 
and using (15. 9p . one derives 



^ k>0 ^ 

or the quasiclassical Lo-Virasoro constraint at fixed T„ = 6n,i- 



Quasiclassical Virasoro constraints 

The following integral along the boundary of the cut cylinder 



j ^^z''+Uz = j (^^^ z''+^dz = {), n = -1,0,1,2,... (5.14) 
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vanishes, since, analogously to [1], 



Z - Cr. 



n>Q 



.0 + 5;fc43" + - + 25:j^^ (5.15) 

fc>0 k=l " 



has no singularities in the interior of the cut cylinder, since dS = at the branching points, 
where dz = 0. 



Technically, it is simpler instead of ( I5.14p to consider the "string equations", or the a- 
derivative of this formula. Namely, 



^z'^+^-^Mz 
da 



dw 



w 



(5.16) 



since all time-derivatives are taken at constant z. Moreover, one can take care only of the 
constant part of the contributions into (15.141) and (I5.16P from the A- and B- integrals, forming 
the boundary of the cut cylinder, see details in Appendix. For example, if n = —1 and only 
Ti 7^ 0, formula (I5.16P gets two obvious contributions 



B+ J B 



dw 



dw 



Tr 



while 



f + f $— ~ resoo (i'Xz)—] ~ ti + V kt, 
Ja+ Ja-\ w \ wJ ^ 



dadtk_i 



(5.17) 



(5.18) 



which form together the desired string equation, or a-derivative of the L_i Virasoro constraint 
from [61 E]. 

Functional with all descendants switched on 



The perturbative formulas in the nonabelian case fl4.26p suggest the following form of the 
functional with all gravitational descendants stitched on 

^=1 f dxf"{x)Fuv{x) + \ I dxidx2f{xi)f"{x2)F{xi, X2; T) + 



( a - I 



/TOw)-..(i-i/..r 



(x) 



where 



Fuv{x) = Fuv{x] t,T 



t'{x)dT{x) 



(5.20) 



dxidx2 



F{x^,X2; T) = T'{x^)T'{x2) log{x, - X2] 



^Formulas (|5.19p and (|5.20p were derived earlier by N. Nekrasov, in a similar context, but using different 
arguments. 
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The variation of (15.191) over f"{x) gives 

Fuviz) + J dxf"{x)F{z, x; T) = a^T{z) + a, z el (5.21) 

whose z-derivative, after dividing by T'{z), turns into 

t\z) - j dxf"{x)a{z] x) = a^, zel (5.22) 

Due to the property of the function a{z,x), following directly from its definition (14.221) and 
expansion 

^Ht\z -x) = ^{z - xT {\og{z -x)- c„) = 

^(n-k)\ k\ ^ ' ^ kz!" (k + 1) ...(k + n) 
one gets (for the switched on descendants of unity) 

^(^' ^) = E ^^^^^^ {z-x)=f2T^H!^-'\z)-T{x)logz + J2^ (5.24) 

fc>0 ' n=l fe>0 

where 

Fk{x) = / x'^dT(x) (5.25) 



and we have used the obvious polynomial identities 

k\n = T^'\o) = y2 — T^i-^r, k = o,...,N (5.26) 

n=0 

From (I5.22P it follows, that the integral 



S{z) = t'{z) — I dxf" {x)a{z] x) — = 



t\z) dxf"{x)^^^Hi-'\z - x) 



whose real part vanishes on the support by (I5.22p has an asymptotic expansion (13.151) and is 
constant on the cut. Moreover, the coefficients at negative powers of z in the r.h.s. are given 

by 

j dxf"{x)F,{x) = 2 J dxf'ix)^^^^^^^^^ = 2^ (5.28) 
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However, it is not easy to get any simple expression for the T„-derivatives of the functional 
f l5.19p . since almost everything depends on {Tn} in the r.h.s. of this formula. In order to get 
the new formula (13.121) for the derivatives over the variables extending the Toda chain hierarchy, 
one has to consider a different form of the functional (I5.19p . 



Another form of the functional 

The formula (15.51) in fact suggests how the functional problem can be re-formulated in a different 
way, when the higher times of extended hierarchy are switched of. Suppose again that only 
Ti, . . . , Ttv are non- vanishing, which somehow characterize the A^-th "class of backgrounds" for 
the gauge theory. One can write for the perturbative prepotential 

Fuv{x) = /%'(x)dT(x) = t(x)T'(x) - t2(x)T"(x) + . . . + (-)^-H^(x)T(^) 
Jo 

where 



(5.29) 



,,0 'ik + l)...ik + N) 
t{x) = ti{x) = — ^tjv(x) 



(5.30) 



and we have introduced the differential operator with the polynomial coefficients 

D.-.M = TV)^ - + ■ ■ ■ + (-)"-'rW (5.31) 

Consider also an integral transform, or introduce new "density" by the formula 

J dxp{x)g{x) = j dxf"{x)bM^i{x)g{x) (5.32) 

for an integral over the support I with an arbitrary function g{x) (from some reasonable class 
of functions). It means, that in certain sense this density is p{x) ~ D'^j^_^{x)f"{x). Note also, 
that using D-operators (I5.29p . one can write for the kernel in (I5.20p 

n^.x) = y-^D^_,{z)D^^,{x)HtAz - x) = 

N jt(+) / _ N (5.33) 

= ^(_)-iT(")(^)T«(x) 



n,k=l 



(n + k)\ 



while the contribution of the linear term in (15.191) - with the ultraviolet prepotential - turns 
into 

'' dxf"{x)Fuv{x) = j dxp{x)tN{x) (5.34) 
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The density p{x) obeys important constraints, directly following from (15.321) . namely 

n = 0,1,2,..., To = -a 

which have to be taken into account, if one considers variation of the functional over the new 
density. 

In other words, instead of (15.11) one can consider an extremum for 

= J^n[p] = - / dxp{x)tN{x) - / dXidX2p{xi)p{x2)H':^{xi - X2) + 

^ J Z(ZiVj. Jxi>x2 



where the kernel ^~^2Ny. ^mi^) — jWy.^'^'^ (logx — C2n) does not depend explicitly of the times 
T, all this dependence is absorbed by density p{x). The extremum condition for the functional 
(I5.36P stays, that (real part of) 



S^{z)=t^{z)-^-^^ j dxp{x)H^,^J{z - ^) + E ^"(-)" (AT - n)! ^^'^^^ 
vanishes on the support 2; G I of p{z). Taking up to A^-th derivatives of (15.371) one gets 

/_\7V-1 r ^-1 N-n-l 

S^.,{z) = t^.,{z) - J dxp{x)H^^^_,{z - x) + E ^/ 



' (iV-n-1)! 

?i=0 ^ ' 

(5.38) 



S{z) = t'{z) - j dxp{x)H^^\z - x) + ao 



a sequence of functions vanishing on the cut. The last integral S{z) = ^prSN{z) coincides with 
(j5.27p . and therefore has the same properties. 

In particular, at z ^ 00 the last integral in (I5.38P has an expansion where the coefficients 
are expressed by the "moments" of new density 

Siz) = t\z)-J2^''i^ogz-Cn) ;J / x^->(x)dx + ao+ 
z^Qo ^—^ [i\ — n)\ J 

- kik + l).'ik + N)z'' I = (5.39) 

^t'(.)-2 5:™.-^) 25:^^ 

n=0 fc>0 

22 



reproducing (13.151) by (I5.32p and (15.351) (or upon the constraints at Lagrange multipliers in 
(I5.36P ). From the properties of the functional (15.361) . one can straightforwardly find the deriva- 
tives 



dT 1 



dT dT 



(5.40) 



coinciding with (15.281) . 

However, after arbsorbing all nontrivial T-dependence into p in (15.361) . it becomes obvious, 
that 

dT 

^ = a„ = (-)"n! (5„)o , n = 0,...,N (5.41) 

The naively divergent integrals, containing p{x), should be understood only in the sense of 
(E32]). 



6 Nonabelian theory from abelian integrals 

Finally, let us turn to discussion of generic nonabelian theory, whose perturbative limit was 
considered in sect. HI The quasiclassical tau-function is now defined by constructing an abelian 
integral on the hyperelliptic curve (14. ip . whose properties can be extracted from integral rep- 
resentations of sect. [51 

It is again important to fix certain finite number of the gravitational descendants of unity 
being switched on. The integral representation (15.270 defines a multivalued abelian integral on 
the curve (14. ip . and only its A^-th derivative becomes single- valued. Denote as usual $ = 
and further $' = ^ , . . . up to 



N-1 



t(««)Wd.-A'!r„ ff!SEM^i,-T(-f flfpEir^i, 

I z — x I (z — x)"^^ 



(6.1) 



which is already a single-valued on the non-degenerate curve (14.10 abelian differential, odd 
under the hyperelliptic involution, since its real part vanishes on the cut. Its form can be 
totally determined by its singularities at the infinity points P± and at the ramification points 
{xj}, j = l,...,2Ai'c, where it also has poles due to behavior f'[x) ~ (x — x±)~^l'^. The 
singularities at ramification points are in fact artificial, in the sense that one may think of 
as of the regular at branch points 2—, . . . , A^— differentials on the curve (14. ip . 
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One can therefore write for (16. ip an explicit formula 



, / X , , 2Nc N-l / k \ 



where (j){z) is a polynomial of power 



Nc-1, n< N 



deg(j)(z) = { - (6.3) 

for the theory on genus A'^c — 1 curve (14. ip and with n — 1 and nonvanishing times {t^} and 
{Tn} correspondingly. The periods of (16. 2p are fixed by (16. ip . or 

2711 I A 

(6.4) 

= 

Conning the period constraints (16.40 . one can consider cycles Afc, = 1, . . . , A^c, surrounding 
generally Nf. distinct segments of the support of f"{x) 7^ 0, a; G 1^, k = 1, . . . , Nc, which is 
equivalent to the canonical choice of A-cycles together with the residue at infinity. Totally, 
(16.40 give 2A^'c — 1 period constraints, and should be completed by the 2A^c-th condition 



/ = -2A^! A^e^V log z + AmNlTj^Z + O - (6.5) 

Jz(P^) \ZJ 



i.e. the regularized constant part of the integral Jp"*" d^^^ vanishes modulo the period lattice 
(16. 4p . since the integral (16.50 depends on the choice of the integration path. 



Small phase space and T2 

Consider for simplicity only ti 7^ and switched on Ti,T2. Formula (16. ip gives for this case 

^^,^ <PN.^.{^)dz ^dZy^r^\ 

y y jr[\z-Xjj 

which depends on SA'c coefficients of (j)Nc-i{^) ^"^^ {^j}^ well as 2A'c branch points {xj}, 
i.e. totally of 5A'c undetermined yet coefficients. The period integrals (16.40 . together with the 
residue 

resp+(i$' = -resp_d$' = 4T2 ■ A^c (6.7) 
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give altogether 2Nc constraints, or fix the parameters {qj} of the differential (16.61) . leaving yet 
no restrictions for the coefficients of (t)i^^-i{z) and branch points of the curve. 



Now, one can define an abelian integral = d^' or the differential 

d^ = dz [ d$' (6.8) 



which is multivalued, but all the jumps are fixed by (16.41) . being proportional to 4ni ■ T2dz. The 
integration constant in (16.81) is fixed by requirement, that $'(P) ~ —ANcT2\ogz + (-), 

consistent due to (16.51) . Since the differential of hyperelliptic co-ordinate on (14.11) has vanishing 
periods § dz = Q along any cycle, one can make sense of the periods of the differential (16.81) 
itself, and put 

-LI d<^^ --^ / zd<^' = Ti / dxf'ix) = 2T,, k = l,...,N, 

d<t>= f zd<^' = 

The period integrals (16.91) together with normalization condition (say, ^{xnc) = 0) give 2Nc 
more constraints on the total set of undetermined parameters, while the rest is absorbed by 
the Seiberg-Witten periods, defined now as 

^2 



a 



'3 



Z 



47rz ]a 2 

whose sum gives the residue at infinity. 



—A -d^\ J = l,...,iV. (6.10) 



descendants Ti , . . . , Tat 7^ 

Almost the same counting can be performed for the generic case with descendants. One 
has now 2Nc ■ N + = {2N + l)A'c parameters of (p^^^ilz), {qj} and branch points {xj} 
(in the case of nonvanishing higher {tk} they will be absorbed into higher coefficients of the 
polynomial (p{z) and the integration constants). Being constrained by constancy of its periods, 
we rest with (2A^ — l)A'c variables. 

We have then to restore the differential d^ by multiple integration of (16. ip . At each step 
we have to fix the periods of d^^^~'^\ . . . , d$' by 2A^c constraints, ending up, therefore with 

(2A^+l)A^c-2A^c-A^ = A^c (6.11) 
variables, which can be conveniently chosen as the Seiberg-Witten periods 

a, = — i j = l,...,N^ (6.12) 
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The multivalued differential dS = ^dz has now constant jumps, depending linearly upon a and 
the times Ti, . . . , Tjy, and one can always choose its branch with the asymptotic (I3.15p . if taken 
along the real axis at 2; ^ +00 on the "upper" sheet. 

Quasiclassical tau-function 
The dual periods 

.-1.....^. (6.13) 

define the gradients of the quasiclassical tau-function. Integrability condition for fl6.13p is 
guaranteed by symmetricity of the period matrix of the curve (14. ip . following from 

S{dS) = S{^dz) ~ holomorphic (6.14) 

following directly from the constancy of the periods d^' , . . . , d^^^~^\ In addition to the remain- 
ing intact "abelian formulas" (I3.14p and (I3.12p that defines the full quasiclassical tau-function 
for the perturbed theory, and the integrability is guaranteed by the Riemann bilinear relations. 

7 Discussion 

We have presented in this paper a quasiclassical geometric formulation for the full non-truncated 
topological string model, when all the descendants o"fc(ro) and 0-^(1) with k > are switched 
on, and propose its generalization to the nonabelian dual supersymmetric gauge theory. For the 
topological string model the quasiclassical formulation is given in "mirror" terms - a rational 
curve, which can be interpreted as a dual Landau-Ginzburg superpotential z = v + A (^w + ^) 
on a cylinder, and the set of functions, odd under its involution w ^. The descendants 
of the Kahler class crfc(w) generate the flows of dispersionless Toda chain hierarchy, while the 
descendants of unity a"fc(l) produce the logarithmic flows [5] of the so called [lO] extended Toda 
hierarchy, which can be possibly reformulated as a reduction of two-dimensional Toda lattice. 
The exact relation of the quasiclassical solution, proposed above, to the two-dimensional Toda 
lattice is beyond the scope of this paper, but let us present here a hint, how the multiple integral 
formula (I3.12p can be interpreted in this way. 

Equivariant Toda lattice 

The relation between the extended Toda and equivariant Toda lattice [HI [H] includes the change 
of the variables 

Xk+i = — + tk+i, Xk+i = - — , k>0 (7.1) 
e e 
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or 

tk = Xk + Xk, k>0 ^^^^ 
Tk = -eXk+i, k>0 
For example, the prepotential on the small phase space 

T{Xu X,; e) = ^ {Xf + Xf) + e^^+^^ = 

(1 Z-i , tot 



[,1 . t 9 t o 

+ ei + Traq + 



- 2 ^-i^2"n- g"! 
coinciding with (12.181) at e — ^> 0, indeed satisfies the two-dimensional Toda lattice equation 



dXidXi \dXi dXi 

if one takes the solutions, constrained by reduction, including 



3 - 7,^ ^ (7-4) 



axi dx, 

One can expect therefore, generally, that 



dT dT dT 

(7-5) 



dXk dXk 



eRk oJ=, \/k>0 (7.6) 



where Rk is presumably a {k-th order) differential operator in Xq, Ri = At e — 

conditions (17. 6p . (17. 5p turn into the Toda chain reduction 



dXk dXk 



dJ' dT dT ^, ^ 

+ TT— = 2 — , V/il > 



(7.7) 



dXk dXk dtk 



where {tk} (17. 2p are the times of the Toda chain. More generally, in the reduction to the Toda 
chain, the first set of conditions (17.71) can have a linear function at the r.h.s. 

dT dT 

Ck{Xk-Xk), Vfc>0 (7.8) 



dXk dXk 

with Cfc ~ A; is a constant as a function of times. For the function (17.31) one gets instead if (17.81) 

so one finds, that Ci = | (Xi + Xi) = |ti instead of a constant becomes a "slow" modulated 
linear function of the Toda chain time ti. The exact form of the operators R^ is not yet 
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known (though perhaps can be extracted from but the formulas fl3.12p . (1A.1I) estabhsh the 
quasiclassical correspondence 



dz 



s 



dz 



(7.10) 



For the two-dimensional Toda lattice one has two different co-ordinates 2;+ and at two 
infinities P± corresponding to the flows in X and X time variables. One may think then, that 
z+ — Z- ^ J dS and the differences of the higher Hamiltonians n(z+) — i7(^_) ~ J ■ ■ ■ J dS 
produces the desired formula (17.101) . 



Nonabelian theory 

It is not yet completely clear, when is the sense of "descendant" deformation of the nonabelian 
theory. The descendants of the Kahler class deform the gauge theory in the ultraviolet, which 
is encoded in ^tqx"^ Fuv{x;t) for the short-distance prepotential (11.11) . The descendants of 
unity perform rather a reparameterization on the moduli space of gauge theory aj T{aj) + 
O^A"^^"), whose exact sense remains yet unclear. 

We have considered in [21 [12] and above here the theory, where all tk with k > 1 and Tn with 
n > 1 generate infinitesimal perturbations of the model on "small phase space" . Nevertheless, 
all descendants deform the Seiberg-Witten curve (except for the "abelian" case of the model), 
which now turns to be a generic hyperelliptic curve (14.11) . though still being "not to far" in 
the moduli space from the Seiberg-Witten curve (14.21) . In particular, we do not address any 
questions, related with possible "large" deformations in moduli space, changing the genus etc. 
Roughly speaking, if the t-deformations of the theory lead us towards the processes of generation 
of fundamental multiples, in the same sense the T-deformations lead towards embedding of the 
theory into the compactified higher-dimensional target spaces. 
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Appendix 



A Riemann bilinear identities 

Equation flXT^ . or 



gives rise to the mixed second derivatives 

dtkdTn ^ 



which should be compared to 




dz J dz 



-I 



r.. ■ ^resp^z'^dHn = —res p_z''dHn 

OInOtk I / 



following from (12. Sp . In order to establish equivalence between ( IA.2|) and (1A.3|) . 
integral along the boundary of the cut t/7-cylinder with the removed points P± 

(p HndVtk = 2711 2^ res HndVL^ = 

The integral in the l.h.s. can be rewritten as 



HndVtk 



as 



HndVtk + 



+ 

B+ JB- 



Hndflk 



IA+ J A- 

where we have chosen the following parameterization of the cut z/;-cylinder: 

: w = ee'P, < < 27r 
5+ : e <w <R 
A- : w = Re'"^, 2'K> ip>0 
B~ : R> w > e 



The last term in the r.h.s. of (lA.SP gives 



\I -I] 


HndVtk = 


_J B+ J B- . 


Jb 



in) 



R 
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where, similarly to (13.131) . 



dz'" 



Qk, n> 



(A. 



is introduced. 

For the y4-integrals one can write 



/ HndQk = / Hl^\z)dVlk =F 2TTi lesp^z'^dHn 



(A.9) 



where by residue the coefficient at the term z ^ is meant. The first term in the r.h.s. of ( 1A.9I) 
can be integrated by parts using (13.31) and flA.Sp . giving rise to 



= 2m (z'^Qk - nz"-^^^^^ + . . . + (-)"dO^"^) {e) 

V / c 

= -2m (^z^Qk - nz^-ifi^') + . . . + {R) 



R- 
R+ 



(A.IO) 



where in the r.h.s. 's one gets only the divergent parts of the corresponding expressions. 
Altogether f[01) . f[0|) . (^K7\ . ([QD and f[O0|) give rise to 

R 







z^'Qi. - nz^-'Q 



n-ln(l) 



+ (^"fifc - nz^~'nl^^ + ... + {-rnin^^ (e) 

- (^z'^Qk - nz''-'Q'i^ + ... + (-)"n!fii")) {R) 
—lesp.z'^dHn + Tesp_z'^dHn 



div 



div 



(A.ll) 



or, using the antisymmetry w.r.t. involution exchanging P+ and P_, 

lesp^z^dHn = —Tesp_z^dHn = 
= (z^n, - nz'^-'n^^^ + ... + (e) 

V / COl 

= - (^^fifc - nz'^-'n^^^ + ... + (R) 



const 



or 



resp, z dH„ 



-resp_z^dHn 



n 



in) 



(A.12) 



(A.13) 
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